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$\fbox$ Bernoulli
2.1. Bernoulli . $c_{1},$ $c_{2}$ , $\cdots$ ,
$(2\cdot 1\cdot 1)$ $u=u(t)=t+ \sum_{n=1}^{\infty}c_{n}\frac{t^{n+1}}{n+1}$
, .
(2.1.2) $t=t(u)=u-c_{1} \frac{u^{2}}{2!}+(3c_{1^{2}}-2c_{2})\frac{u^{3}}{3!}+\cdot$ . .,
$u(t(u))=u$ .
(2.1.2) $\frac{u}{t(u)}=\sum_{n=0}^{\infty}\hat{B}_{n}\frac{u^{n}}{n!}$
$\hat{B}_{n}$ , ( 1 ) Bernoulli . $\hat{B}_{n}\in$
$\mathrm{Q}[c_{1}, c_{2}, \cdots]$ .
$c_{n}=(-1)^{n}$ $\psi(t)=\log(1+t),$ $\varphi(u)=e^{t}-1$ $\hat{B}$
Bernoffili .
2.2. Bernoulli Schur . :
$U=$ $(U_{1},$ $U$2, $\cdot$ . . $)$ , $w(U)=\Sigma_{j}j$ , $U$ .




, $\Lambda^{U}=2^{U}$13 $U_{24^{U_{3}}}\ldots,$ $c^{U}=c_{1^{U_{1}}}c_{2^{U_{2}}}c_{3^{U_{3}}}\cdots$ .
$(2\cdot 2\cdot 2)$ $\gamma_{U}=\Lambda^{U}U!$
.
, $h(t)=(\psi(t)/t)-1$









2.3. Clarke . , Clarke
Bernoulli , von Staudt . ,










($n\neq 2$ $n\equiv 2\mathrm{m}$od4 )
$n-3$
$\frac{c_{1^{n}}+c_{1}c}{2}$3($n\neq 1$ $n\equiv 1,3\mathrm{m}\mathrm{o}\mathrm{d} 4$ )
$\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{Z}[c_{1},$ $c_{2},$ $\cdots]$ .
2.2.6 , . [C1], The-
orem 5 .
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2.4. Bernoulli Kummer . Bernoulli
, Kummer $\mathrm{m}\mathrm{o}\mathrm{d} p^{\lfloor a/2\rfloor}$ . ,
$2\cdot 4\cdot 1$ . $p$ . $a$ $n$ , $n>a$ $n\not\equiv 0$ mod
$(p-1)$ . ,
$\sum_{r=0}^{a}(\begin{array}{l}ar\end{array})(-1)^{r_{C_{p-1}}a-\mathrm{r}_{\frac{\hat{B}_{n+r(p-1)}}{n+r(p-1)}\equiv 0}}$ $\mathrm{m}\mathrm{o}\mathrm{d}^{p^{\lfloor a/2\rfloor}}$
.
, 2.2.6 2.4.1 ,
, . $[\hat{\mathrm{O}}1]$ [Yal]
.
2.4.2. (1) $a=1$ $n>a$ $n\not\equiv 0,1\mathrm{m}\mathrm{o}\mathrm{d} p$ mod
$p$ . [A1], Theorem 3.2 .
(2) $p\geqq 7$ , $U_{1}=p,$ $U_{2p-1}=(p-3)/2$
$U_{j}=0$ $U$ . $w(U)=p+(p-5)(2p-1)/2\equiv-1$ mod
$(p-1)$ . $\mathrm{A}$ $\mathrm{a}$
$\mathrm{o}\mathrm{r}\mathrm{d}_{F}(\tau_{U})=(p-5)/2(=\lfloor$(p-4)/2D
. $a=p-4$ $n=w$(U) $n>a$ ,
modulus .
(3) $p=5$ $\mathrm{o}\mathrm{r}\mathrm{d}_{5}(\eta,)=0$ , $n=w(U)=$
$5\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} (5-1)$ [A1] Theorem 3.2 .
, $[\hat{\mathrm{O}}1]$ $a=1$
$\mathrm{m}\mathrm{o}\mathrm{d} p$ .
, 2.4.1 , Adelberg ([A2], Theorem (i))
.
2.4.3. (Adelberg ) $n\not\equiv 0,1$ mod $p-1,$ $n$ >a




$3\cdot 1$ . . $g$ $C$ : $y^{2}=f$ (x) . ,
$f(x)=\lambda_{0}x$2$g+1+\lambda_{1}$x$2^{g}+\cdot$ . $.+\lambda_{2^{g}\dagger}$ 1
$f(x)=0$ $x$ $\mathrm{C}$ , $\lambda_{0}=1$
. $C$ 1 $\infty$ .
$(3\cdot 1\cdot 1)$ $\frac{x^{j-1}dx}{2^{y}}$ $(j=1, \ldots,g)$
$C$ 1 . , Riemann $C$
, $[\omega’\omega"]$ , $\mathrm{C}^{g}$
A $:=\omega^{\prime t}[\mathrm{Z} \mathrm{Z} \mathrm{Z}]+\omega^{\prime\prime t}[\mathrm{Z} \mathrm{Z} \mathrm{Z}](\subset \mathrm{C}^{g})$
1
$C$ Jacobi $J$ , $C$ $g$ $\mathrm{S}\mathrm{y}\mathrm{m}^{g}$ (C) ,
$\mathrm{S}^{\mathrm{y}}\mathrm{m}^{g}(C)arrow \mathrm{P}\mathrm{i}\mathrm{c}^{\mathrm{o}}(C)=J$
$(P_{1}, . . \mathrm{t} , P_{g})\mapsto$ the class of $P_{1}+\cdots+P_{g}-g\cdot\infty$
. $J$ $\mathrm{C}^{g}/\mathrm{A}$ . $\kappa$ ,
$\mathrm{C}^{g}arrow \mathrm{C}^{g}/\mathrm{A}=J$ -
$\iota:Q\mapsto Q-\infty$
, $C$ $J$ . $\iota$ $\kappa$ $\kappa^{-1}\iota(C)$
$C$ Abel . , ,
, $(P_{1,..1} , P_{\mathit{9}})\in \mathrm{S}\mathrm{y}\mathrm{m}^{g}$ (C) $u\mathrm{m}\mathrm{o}\mathrm{d} \Lambda\in \mathrm{C}^{g}/\Lambda$ ,
$(3\cdot 1\cdot 2)$ $u=(u_{1}, \ldots , u_{\mathit{9}})=(\int_{\infty}^{P_{1}}+\cdots+\int_{\infty}^{P_{\mathit{9}}})(\omega_{1}$ , . . . , $\omega_{g})$ ,
.
3.2. . , $u\in\kappa^{-1}\iota(C)$ ,
$x(u)$ , $y(u)$




3.2.1. $x$ (u) $y$ (u) $u=(0, \cdots, 0)$ Laurent
$x(u)= \frac{1}{u_{g}^{2}}+(d\circ(u_{g})\geqq 0)$ , $y(u)=- \frac{1}{u^{2^{g+}1}g}+(d\circ(u_{g})\geqq-2\mathit{9}+1)$ .
. $\infty$ $\#.\mathrm{e}$ $t= \frac{1}{\sqrt{x}}$ . $x>0$
$t>0$ . $u\in\kappa^{-1}\iota(C)$ $(0, 0, \ldots, 0)$ , 3








$\frac{t^{3}(_{t}^{2}-\nabla)dt}{2+(d^{\mathrm{o}}\geqq 1)}=-t$ $+(d\mathrm{o}(t)\geqq 2)$ .
$x(u)=\overline{u}_{\mathit{9}}^{T}1+(d^{\mathrm{o}}(u_{g})\geqq-1)$ . $x(-u)=x$(u), $y(-u)=$
$-y$ (u) , .
.
3.2.2. $u=$ $(u_{1}, u2, . . . , u_{g})$ $\kappa^{-1}\iota(C)$ .
$u_{1}= \frac{1}{2^{g}-1}uP-1+(d\circ(u_{g})\geqq 2^{g})$ ,




4.1. . $y(u)^{2}=f$ ($x$(u))($f$ $2g+1$ )
u
$(4\cdot 1\cdot 1)$ $\frac{du_{\mathit{9}}}{dx}(u)=\frac{x^{g-1}}{2^{y}}(u)$
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, $( \frac{du_{\mathit{9}}}{dx})^{2}=\frac{x^{2^{g-}2}}{4f}$ .




$C_{n}$ , $C_{n}$ Bemoulli Hurwitz . Bernoulli
Hurwitz $C_{n}$ 2
. , .




$D_{n}$ . $y$ (u) $du_{g}=x^{g-1}dx/2y$
, $D_{n}$ .
4.2. $y(u)^{2}=x(u)^{5}-1$ . , $g=2$
$y^{2}=x^{5}-1$ . (4.1.2)
(4.2.1) $x(u)^{2}x’(u)^{2}=4x^{5}(u)-4$ (’ $\frac{d}{du_{2}}$ ).
. (4.2.1) $\wp’(u)^{2}=4\wp(u)^{3}-1$ . , $C$ :
$y^{2}=x^{5}-1$ Jacobi $J$ $\zeta=e^{2\pi\sqrt{-1}/5}$
, $C$




$\rceil$ : $P_{1}+$ 12-2c$\infty$) $\mapsto(\pm\lceil\zeta^{j}\rceil)P_{1}+$ ( $\pm\lceil\zeta$j $\rceil$ )\sim 2-2c$\infty$)
lCarlitz [Ca2] , $\wp’(u)^{2}=4\wp(u)^{3}-g2\wp(u)-\mathit{9}3$ $( \frac{dx}{du}(u))^{2}=$ “ $x$ (u) 6
” $(u\in \mathrm{C})$ ( $X$ (u)) .
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$P_{1},$ $P_{2}\in C$ , $J$ . (3.1.1) (3.1.2)
$-\lceil\zeta\rceil(u_{1}, u_{2})=(-\zeta u_{1}, -\zeta^{2}u_{2})$
.
$(4\cdot 2\cdot 2)$ $x(-\lceil\zeta\rceil u)=\zeta x(u)$ , $y(- \lceil\zeta\rceil u)=-y$ (u)




, $g=2$ $y^{2}=x^{5}-1$ .
5.1. von Staudt-Clausen , von Staudt 2
$C_{10n}$ $D_{10n}$ von Staudt-Clausen :
5.LL $C_{10n}$ $D_{10n}$ , $G_{10n}$ $H_{10n}$
$C_{10n}= \sum_{p\equiv\underline{1}\mathrm{m}\mathrm{o}\mathrm{d} 5}\frac{A_{p}^{10n/(p-1)}}{p}$
$+G_{10n’}$
$D_{10n}= \sum_{p\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} 5}\frac{(4!^{-1}\mathrm{m}\mathrm{o}\mathrm{d}^{p})A_{p}^{10n/(p-1)}}{p}$ $+H_{10n}$
.
$A_{p}=(-1)^{(p-1)/10}|$ ( $-1)/10-1)/2)$ .
, $C\mathrm{m}\mathrm{o}\mathrm{d} p$ 1
$( \frac{dx}{2^{y}}$ , $\frac{xdx}{2^{y}})$
, $-\dot{t}$ Hasse-Witt , , $(2, 2)$
$A_{p}$ . ([Y], p.381) Katz Hurwitz [Ka], p.2




, Bernoulli von Staudt 2
.
5.1.2. $p\equiv 1\mathrm{m}$od5 $n$ , $p-1\parallel 10n$
$\frac{C_{10n}}{10n},$ $\frac{D_{10n}}{10n}\in \mathrm{Z}_{(p)}$ .
, Bemoulli , Clarke 2.3.1
.
5.3. Kummer . $C_{10n}$ $D_{10n}$ , Kummer
original :
5.3.1. $p\equiv 1\mathrm{m}$od5 $a$ $n$ , $1\mathrm{O}n-2\geqq a$ ,





Kummer original[Ku] , Hurwitz ([L], p.190,
(20) $)$ . 3.1.1 $\mathrm{m}\mathrm{o}\mathrm{d} p^{\lfloor a/2\rfloor}$ ($a=1$
$\mathrm{m}\mathrm{o}\mathrm{d} p)$ ( 15.4 ) . , $\mathrm{m}\mathrm{o}\mathrm{d} p^{a}$
([O2] [Ya2])
, 2.1.3 .
5.3.2. $p-1\parallel 10n,$ $1\mathrm{O}n+2\geqq a$
$A_{p}^{p^{a-1}} \cdot\frac{C_{10n}}{10n}\equiv\frac{C_{10n+p^{a-1}(p-1)}}{10n+p^{a-1}(p-1)}\mathrm{m}\mathrm{o}\mathrm{d} p^{a}$ ,
$A_{p}^{p^{a-1}} \cdot\frac{D_{10n}}{10n}\equiv\frac{D_{10n+p^{a-1}(p-1)}}{10n+p^{a-1}(p-1)}\mathrm{m}\mathrm{o}\mathrm{d} p^{a}$ .
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$\fbox$ Eisenstein ( )





$\lambda\in \mathrm{Z}+\mathrm{Z}\sqrt{-1}\sum_{\lambda\neq 0}\frac{1}{\lambda^{4n}}=\frac{\varpi^{4n}}{(4n)!}2" E_{4n}$





$\wp(u)=\frac{1}{u^{2}}+$ $\sum$ $( \frac{1}{(u-\lambda)^{2}}-\frac{1}{\lambda^{2}})$
$\lambda\in \mathrm{Z}\varpi+\mathrm{Z}\varpi\sqrt{-1}$
x70
$1/u^{2}$ , $4n-2$ , $u=0$
. $1/\sin$ (u) 2 Riemann zeta
$\zeta(2m)$ Bernoulli
.
$y^{2}=x^{5}-1$ , $x$ (u) $\ell=(\ell_{1}, \ell_{2})\in\Lambda$ (\subset C2)
Laurent










. , Hecke $L$
$L$ .
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